In a Euclidean space of dimension two or more, any mapping that preserves unit distance is an isometry; this is the theorem of Beckmann and Quarles. We prove a similar theorem for spheres, assuming that a given distance less than a quarter great circle is preserved.
Introduction
Let X be a Euclidean space of dimension 2 or more, / : X -> X any mapping, and assume given an 5 > 0 such that / maps every two points of distance s to points of distance 5. Then / is an isometry. This was first proved in [1] ; other proofs were found later: [2] , [3] , [4] , [8] . Similar theorems were proved by [5] and [6] for hyperbolic spaces, and by [9] for mappings of circles in an inversive plane. A survey of results, counter-examples and proofs is in [7] .
For spheres, [6] treats the special case of s -n/3, and [10] the case where 5 = n/2 and / is a homeomorphism. We drop the bijectivity assumption in the latter case and generalize the former to any 5 < n/2.
Theorem. Let E be a Euclidean space of dimension n ^ 3 and S c E its unit sphere with the geodesic distance d(x, y) -arccos(x, y). Let f : S -> S be any mapping and P¡ -{s > 0| Vx, y e S : d(x, y) -s =» d(f(x), f(y)) = s}.
A. If Pf(~)(0, n/2) t¿ 0, then f is an isometry. B. If f is continuous and n/2 £ P¡, then f is an isometry.
Remark. Without continuity, B would be false because f(x) might be ±x with varying signs. The proof of B is independent of [10] , and answers a question of [11] .
The author thanks Alexander Reznikov for a discussion on conceivable extensions of the Beckmann-Quarles theorem.
Proof of statement A Summary of proof. By induction on n , we shall reduce to n = 3 . It will be sufficient to prove that infPf = 0. Starting with one given s £ Pf, s < n/2, we shall construct a set of points whose distances are preserved by /, and find an s' < s among these distances, thereby approaching the goal of inf Pf = 0. The case where 5 is the edge length of an icosahedron needs an extra argument.
Throughout this proof, let 5 6 Pf n (0, n/2) be fixed, and h : R -* [0, 2s], h(t) -arccos(cos/ • sin2 s + cos2 s).
A spherical triangle of sides s, s, s has interior angle tp £ h~x(s)n (n/3, n/2).
Reduction to n = 3.
Suppose the theorem is true for lower dimensions. . If x, y £ S, d(x, y) < t, then p, q¡ can be chosen so that x = p and y £ -k. There is an isometry a such that af(p) = p, af(q¡) = <?,. Then /(•) ç *, so </(/(*), /(y)) < t. This means t £ Pf , and since P^ is closed under addition, we have 3i £ Pf . Now consider points q,u,v , w such that
and w ^ q. The points u, v ,w are well defined depending on # . When # runs through the arc segment defined by (2), the point w runs through a curve segment where it meets the circle Proof of statement B Summary of proof. Let n = 3. Then / may be assumed to fix the vertices of a spherical octahedron. The three great circles formed by the edges of the octahedron are mapped each into itself by /. Any point other than the vertices is characterized up to sign by the points of these great circles to which it is orthogonal. Between these three point pairs there is one relation. This relation must be preserved by the restrictions of / to the three great circles, which is a strong requirement (the homomorphism property of k below). From this it follows easily that / is an isometry. The ambiguity of antipodal points is avoided by projection to the projective plane. Some care must be taken because points might unexpectedly be mapped to a vertex of the octahedron as / is not assumed injective.
Reduction to n = 3. The condition d(x, y) = n/2 is now simply x L y. Hence the reduction is now simpler than for A because {p £ S\ d(p, z) = 5} is itself the unit sphere of the Euclidean subspace z1-.
Proof for n = 3. Let E = R3 with the standard scalar product, and P2 the real projective plane. The latter inherits from E the orthogonality relation _L .
For any x £ S there are y, z £ S such that xljlzli. It follows that f(-x) -±f(x). Hence / induces a mapping g : P2 -» P2 of the real projective plane, and x, y £ P2, x ± y => g(x) 1 g(y). Also, g is continuous. We may assume that eo = ( =► y/(-s-t) = -t//(s)-y/(t).
Hence ip is an endomorphism of the field R. This field has no endomorphisms but the identity. By (5), g itself is the identity. This means f(x) = ±x , and the sign is constant because / is continuous. So / is in fact an isometry.
